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1. Project Description
• What? Understanding the risks inherent to asset prices in financial markets con-

stitutes one of the most important problems in economics, and the term volatility
is often used to represent these risks.

• Why? Modeling and forecasting the volatility of the return process is of funda-
mental importance to the pricing of derivatives, asset allocation, and risk man-
agement.

• How? We estimate three traditional volatility models that seek to account for
the stylized facts present in volatility dynamics: GARCH [1], FIEGARCH [2] for
daily returns, and ARFIMA [3] for the realized volatility.

• As an alternative, we introduce the Gaussian Process framework as a nonpara-
metric way to model and forecast volatility, and a GP model (GP-RQ [4]) which
we fit to volatility measures constructed from high frequency data.

• And? We compare the models’ performance in terms of Akaike information
criteria and mean squared error, and find that the Gaussian Process volatility
model outperforms the traditional models.

2. Data and Stylized Facts of Volatility
• Price: Daily closing prices for the EUR/USD exchange rate between January

2014 and October 2015.

• Returns: For price series {St}t, returns are defined as Rt = St

St−1
− 1

• Realized Volatility: Intraday return series {rt}t, sampled every 5 minutes

(N=252 observations). Daily realized volatility is defined as RVt =
∑N
j=0 r

2
tj

We seek an asset pricing model that can replicate known stylized facts of asset
volatility, while maintaining parsimony. Some of these facts are:

• Heteroscedasticity of returns

• Volatility clustering

• Negative skewness and high kurtosis of returns

• Long (fractional) memory of volatility

3. Traditonal Volatility Models

GARCH(1,1)

• Model: Rt = σ
1/2
t εt , σt = ω + αR2

t−1 + βσt−1

• Variables: Rt returns with conditional variance σt , and εt white noise.

• Features: Maximum Likelihood estimation, volatility clustering.

FIEGARCH(1,d,1)

• Model: Rt = σ
1/2
t εt , At = θεt + γ(|εt| − E(|εt|))

ln(σt) = ω + (1− φL)−1(1− L)−d(1 + ΨL)At−1

• Variables: Rt returns with conditional variance σt , and At an asymmetric
function of the residuals εt. Fractional operator defined as: (1 − L)d =∑∞
k=0

Γ(k−d)
Γ(k+1)Γ(−d)L

k. φ,Ψ time series polynomials.

• Features: Quasi-Maximum Likelihood estimation, volatility clustering, return
distribution negatively skewed (asymmetry), and long memory.

ARFIMA(5,d,0)

• Model: Φ(L)(1− L)dyt = εt , Φ(L) =
∑5
k=0 φkL

k

• Variables: yt is the logarithmic realized volatility, εt white noise, and (1−L)d

fractional operator with fractional degree d ∈ [0, 1].

• Features: OLS estimation, volatility clustering, long memory, and intraday
information. Fractional parameter estimated via periodogram regression.References
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4. Gaussian Process Volatility Model
• A GP model is a prior over functions, whereby any finite collection of function

values follows a multivariate Gaussian distribution.

• By conditioning on observed values, we can obtain conditional and marginal dis-
tributions that remain Gaussian, which allows for parsimonious inference.
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GP regression is determined by its choice of mean function and kernel, since
they determine the parameters of the Gaussian multivariate distributions. We con-
sider a constant mean function m and a rational quadratic kernel [4], which we fit
directly to realized volatility:

{RVt}t ∼ GP(m,KRQ) , KRQ(t1, t2) =

(
1 + (t1 − t2)2

2α`2

)−α
The characteristic length scale α measures the distance for being uncorrelated along
the time domain, and σ determines the variation level along the y-axis. Estimation
of hyperparameters is performed via optimization of the marginal likelihood.

4. Results
The true volatility process is latent. However, high frequency data allow us to
approximately measure it via realized variance measures [1]. Hence, we consider RVt
as a proxy for the true volatility process and compare our results via the following
criteria:

• Akaike Information Criterion: AIC = 2k − 2 ln(L) , where k is the number
of parameters and L the maximum likelihood attained by the model.

• Mean Squared Error: MSE =
∑T
t=0 (RVt − σ̂t), where σ̂t is the one step

ahead volatility estimate for out of sample forecasts, or the filtered volatility esti-
mate for in sample comparison.

AIC MSEIN MSEOUT

GARCH −3021.45 3.642 · 10−6 4.351 · 10−6

FIEGARCH −3012.22 3.965 · 10−6 4.916 · 10−6

ARFIMA −3041.28 6.827 · 10−6 4.601 · 10−6

GP-RQ −3065.11 3.074 · 10−6 4.153 · 10−6

GP-RQ outperforms all traditional models in and out of sample. With proper
covariance engineering, we can expect to achieve even better results.


