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● PGM: Basic concepts.
● Restricted Boltzmann Machines (RBMs).
● Learning problem in RBMs.
● Deep generative models.

○ Deep directed networks.
○ Deep Boltzmann machines.
○ Deep belief networks.

● Reducing the Dimensionality of Data with Neural Networks.



Probabilistic 
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Given multiple correlated 
variables, 
How can we compactly represent 
the joint distribution p(x|θ)?
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Chain rule
● Chain rule allows us to write the 

joint probability as follows.

● If xi could take K different discrete 
values, each probability on the right 
side of the eq. can be represented 
as a tensor (conditional probability 
table; CPT).

●                      can be written using an 
i-dimensional tensor with O(Ki) 
parameters.
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● To avoid the “explosion” on the 
amount of required parameters, 
CPTs can be replaced by a 
conditional probability distribution 
(CPD).

● A possible choice for the CPD is a 
multinomial logistic regression.

● In general, the dependence 
between variables has a given 
order when chain rule is used, 
which is not necessary the most 
appropriate for modeling the joint 
distribution.



Graphical models (GMs)
● A graphical model (GM) is a way to 

represent a joint distribution by 
making conditional independence 
(CI) assumptions.

● Each node of a graph represents a 
random variable and each edge 
shows dependency between two 
variables.
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Directed Graphical Models (DGMs)
● Directed Graphical Models 

(DGMs) are GM whose graph is a 
directed acyclic graph.

● Also known as Bayesian 
Networks, Belief Networks or 
Causal Networks.

● They follow the ordered Markov 
property: “a node only depends 
on its immediate parents, not on all 
the predecessors in the ordering”.
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Undirected Graphical Models (UGMs)
● Also known as Markov random 

fields (MRFs) or Markov networks.
● Two sets of nodes A and B are 

conditionally independent given a 
set of nodes C iff C separates A 
from B in the graph G.

● This is called the global Markov 
property for UGMs.
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● Given a graph is easy to see all the 
CI properties between the 
variables, but writing the joint 
probability distribution is not as 
simple as in DGMs (chain rule has 
an order).
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UGMs: Hammersley-Clifford theorem
● A clique is a set of nodes that are 

all neighbors of each other. A 
maximal clique is a clique which 
cannot be made any larger without 
losing the clique property.

● H-C theorem: A positive 
distribution p(y) > 0 satisfies the CI 
properties of an undirected graph 
G iff p can be represented as a 
product of factors, one per 
maximal clique. 

● A particular case are the energy 
based models, where factors 
follow the form
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Observed and hidden variables
● The color of the node indicates if 

the random variable is an 
observed or a hidden state in the 
problem.
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Inference and learning
● Two problems that we usually 

want/need to solve are inference 
and learning.

● The inference problem consist in 
estimating unknown quantities 
from known ones, e.g. estimating 
the distribution of hidden variables 
from a set of samples of the visible 
ones.
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● The learning problem consist in 
performing the best estimation for 
the parameters of the model given 
data.

● In the case of MAP estimation we 
have



Restricted 
Boltzmann 
Machines
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Restricted Boltzmann machines (RBMs)
● A Boltzmann Machine is a UGM 

with hidden nodes and visible 
nodes.

● Exact inference is intractable and 
approximate inference can be 
slow.

● Introducing restrictions to the 
model helps addressing this 
issues.
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● A Restricted Boltzmann Machine 
(RBM) is a Boltzmann Machine 
whose nodes are arranged in 
layers, forming a bipartite graph.



Restricted Boltzmann machines (RBMs)
● Hidden variables are CI between 

each other given the visible 
variables (and vice versa).

● The most common RBMs are 
called binary RBMs, where each 
variable can take two states. 
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● The joint distribution for a binary 
RBM is given by



Restricted Boltzmann machines (RBMs)
● Given that, we can notice that

● By symmetry we have
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● In the case of gaussian RBM the 
energy is given by

● The conditional probabilities are



Learning problem in 
RBMs
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Learning problem in RBMs
● The gradient of the log-likelihood is given by

● The first expectation is easy to compute, but the second one requires 
sampling from the joint probability distribution of the RBM.

● To do that, we use (block) Gibbs sampling over the joint distribution.
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Gibbs sampling
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Suppose that we want to sample 
from a joint distribution and we 
know the form of the conditional 
probabilities. 

The idea: Start at some point and 
“freeze” all variables but the “first 
one”. Sample that variable using its 
conditional probability. Then do it for 
the second one and so on.



20

x2

x1



21

x2

x1



22

x2

x1



23

x2

x1



24

x2

x1



25

x2

x1



26

x2

x1



Gibbs sampling in RBMs
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Gibbs sampling in RBMs
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Gibbs sampling in RBMs
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Gibbs sampling in RBMs
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Gibbs sampling in RBMs
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Learning problem in RBMs
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● How do we approximate                     ?
1. Start your Gibbs sampling chain with some v example drawn from your dataset. 
2. Run the chain until it has “burned in” (reached equilibrium).

3. Compute the expectation as the average of the argument evaluated on many samples 

drawn from the sampling process.

● It’s painfully slow!
● Use a brief version called contrastive divergence.



Contrastive divergence (CD-1) for RBMs
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● Initialize W randomly.
● for epoch in epochs:

● for minibatch (size B) in minibatches:
● set gradient g as zero.
● for sample in minibatch:

●
● (sample)
● (sample)
●  
●  
●  

●



Demo time!
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Deep 
Generative 

Models
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Deep directed networks
● Particular case of DGMs.
● If the nodes are binary and CPDs 

are logistic functions it receives 
the name of sigmoid belief net.

● The joint distribution for a (3-layer) 
sigmoid belief network is 
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Deep directed networks
● Exact inference is intractable 

because hidden units are not 
independent given observed data 
(“explaining away”).

● Mean field approximation is not 
very accurate.

● MCMC inference can be very slow.
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Deep Boltzmann machines
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● Deep Boltzmann machines (DBMs) 
are the UGM-version of the deep 
directed networks.

● The joint distribution for a (3-layer) 
deep Boltzmann machine is given 
by*

*ignoring bias 
terms.



Training deep Boltzmann machines
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● “Nice” conditional probabilities for 
the states of each layer, 
depending only on neighbor-layers 
states.

● We can use the same strategy of 
RBM training, combining a mean 
field approximation for the hidden 
states with Gibbs sampling to 
estimate expectations over the 
model’s distribution.

● Salakhutdinov and Hinton (2009) 
proposed a greedy layerwise 
pre-training strategy based on 
RBMs.



Greedy layer-wise training of deep architectures

1. Train an RBM from data as usual.
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Greedy layer-wise training of deep architectures

1. Train an RBM from data as usual.
2. Use the hidden representation as 

data to train another RBM.
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Greedy layer-wise training of deep architectures

1. Train an RBM from data as usual.
2. Use the hidden representation as 

data to train another RBM.
3. Repeat.
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Greedy layer-wise training of deep architectures

● This stack of RBMs can be used to 
initialize a model called Deep 
Belief Network.

● DBNs are a combination between 
UGM and DGM. The top of the 
model is an RBM and the rest is a 
deep directed network.
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Reducing the Dimensionality of Data with Neural Networks
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Reducing the Dimensionality of Data with Neural Networks
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